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A theoretical model for fluid mixing in steady and transient buoyancy-driven flows induced by laminar natural convection in
porous layers is presented. This problem follows a highly nonlinear dynamics and its accurate modeling poses numerical
challenges. Based on the Taylor dispersion theory, a one-dimensional analytical model is developed for steady and
transient velocity fields. To investigate steady-state mixing, a unicellular steady velocity field is established by maintaining
a thermal gradient across a porous layer of finite thickness. A passive tracer is then introduced into the flow field and the
mixing process is studied. In the case of transient flows, as the convective flow grows and decays with time the behavior of
the dispersion coefficient is characterized by a four-parameter Weibull function. The simple analytical model developed
here can recover scaling relations that have been reported in the literature to characterize the mixing process in steady and

transient buoyancy-driven flows. © 2012 American Institute of Chemical Engineers AIChE J, 59: 1378-1389, 2013
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Introduction

Convective mixing is of great importance in a variety of
physical frameworks, such as thermohaline circulation,' mix-
ing in the Earth’s mantle,” underground transport of pollu-
tants and saltwater intrusion in coastal aquifers,” and carbon
dioxide sequestration in saline aquifers.*> Accurate and
large-scale numerical simulations of such processes are com-
putationally very expensive; therefore, the development of
simple analytical models that can predict buoyancy-driven
mixing with good accuracy is important for potential use in
these applications.

Buoyancy-driven convection in porous media has received
great attention during the last four decades,’ although the po-
rous medium analogy of the Rayleigh-Benard7’8 convection
with regard to thermal instability in a horizontal saturated
porous layer was first addressed by Horton and Rogers,’ and
independently by Lapwood.'® Depending on the physics of
the problem, the buoyancy-driven flow fields can be steady
or transient. Steady (frozen) flow fields have been used in
the past to evaluate the mixing of passive tracers. For
instance, Schmalzl and Hansen'' numerically studied the
mixing of tracers in a calculated flow field. They demon-
strated that this approach could capture the Earth’s mantle
mixing in a detailed manner.

The development of scaling relations for the characteriza-
tion of a mixing process is one of the problems of interest in
many fields. Considering the fact that the majority of studies
reported in the literature for mixing due to buoyancy-driven
flows are based on numerical simulations, the intention of
this work is the adaptation of the Taylor’s theory of shear
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dispersion in combination with numerical simulations to
derive a simple analytical mixing model that characterizes
the mixing process under steady and transient flow velocity
fields.

It is well-known that dispersion plays a major role in the
mixing of fluids in porous media. Among different sources
of dispersion, many researchers'? have paid considerable
attention to Taylor dispersion,'*'* which in a porous me-
dium called hydrodynamic dispersion resulted from velocity
gradients. Hydrodynamic dispersion is a macroscopic out-
come of the actual movements of a certain component’s par-
ticles (solute) through the fluid in the porous medium. In ge-
ological media, mixing can occur by local variations in the
velocity of the fluids, such as spreading a tracer during a
miscible displacement.

In a laminar flow of fluids when the velocity profile varies
perpendicular to the flow, a matter present in the fluid (a
particle or a species) moves randomly across fast and slow
streamlines by transverse diffusion. The flow of fluid and
fluctuation in its velocity disperses the tracer along the direc-
tion of flow in a well-studied problem known as Taylor dis-
persion. Taylor'? studied the dispersion of a passive tracer in
laminar flows and obtained a simple one-dimensional (1-D)
solution by assuming long-time behavior of convection-diffu-
sion of the passive tracer in a capillary tube. Based on Tay-
lor’s dispersion theory, a shear flow can increase the effec-
tive diffusivity of a matter. Essentially, the shear acts to
smooth out the concentration distribution in the direction of
the flow, enhancing the rate at which it spreads in that direc-
tion under the simultaneous action of molecular diffusion
and variation of the velocity.

Aris'® considered irregularly shaped capillaries in Taylor’s
approach by using a method of moments. He also investi-
gated the effects of longitudinal molecular diffusion on the
dispersion process. In order that the longitudinal molecular
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diffusion may be negligible compared with the dispersion in
Taylor’s approach, it is necessary that VR/D > 6.9, where R
is the tube radius, V is the mean velocity of the fluid, and D
is the molecular diffusion coefficient. Later, Aris and
Amundson'® extended the Taylor dispersion theory by ana-
lyzing dispersion in packed beds. Aris'’ also studied the
effects of time-periodic convection on dispersion. Horn'®
used Aris’s moment scheme to extend the Taylor dispersion
theory to multidimensional phase spaces, in which a basis of
the generalized Taylor dispersion theory was established.

Brenner'*?° formulated the so-called generalized Taylor
dispersion theory, wherein the basic long-time, asymptotic
scheme of Taylor and Aris is no longer restricted to unidir-
ectional flows through conduits of uniform cross sections.
Later, he extended the generalized theory by including the
coupling phenomena that arises from the fact that the global
transport process may be driven by local gradient and vice
versa.”! The generalized Taylor dispersion theory has paved
the way for studying flow and dispersion phenomena in po-
rous media, chromatographic separation processes, and heat
transfer in cellular media, to mention just a few examples of
the broad class of non-unidirectional transport phenomena. A
comprehensive review on the Taylor’s theory of shear dis-
persion has been presented by Young and Jones.?

Woods and Linz>® investigated the transport of passive
tracers governed by convection in a tilted fracture. They pro-
posed a dispersion coefficient of a passive tracer transported
by thermal convective flows as a function of Rayleigh num-
ber based on shear dispersion. In another study, Linz and
Woods** modified the Taylor’s dispersion theory and showed
that dispersion not only enhances the ordinary diffusion of a
tracer in tilted porous media but also dominates the spread-
ing of passive particles in the flow field. Many other exten-
sions of the Taylor dispersion theory have been developed
and applied to a vast array of practical problems, including
transport in porous media®>?® as well as open fluids.>”*

We recently developed a mixing model for steady velocity
field based on shear flow dispersion theory, in which the ve-
locity field was obtained analytically. Using the analytically
derived velocity field, longitudinal and transverse dispersion
coefficients for a unicellular convective system were eval-
uated and eventually the mixing process was characterized.*
In the present study, we adopt the framework of the Taylor
dispersion theory combined with the velocity fields obtained
from high-resolution numerical simulations to study mixing
induced by steady and transient buoyancy-driven flows. This
approach assists us to quantify the mixing process in the
form of dispersion. In our analysis, the system is initially
stagnant (no advective flow) and the dispersion is only due to
the existence of velocity gradient caused by natural convec-
tion. We present a 1-D analytical model that predicts mixing
of diffusing species (matter) for both steady and transient
convective systems. A numerical model is also developed to
evaluate mixing. Results of direct numerical modeling are
then compared with those of the 1-D analytical model.

The outline for the remainder of this article is as follows.
First a definition of the problem and the governing equations
will be presented. Then, based on the Taylor dispersion
theory, a simple 1-D analytical model will be described that
models total mixing in steady-state and transient (decaying)
buoyancy-driven flows. Quantitative comparisons between
direct high-resolution numerical simulations and the theoreti-
cal analysis will be then made by the examination of average
mixing over time, and at the end conclusions will be given.
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Figure 1. (a) Schematic representation of the convec-

tion cells and geometry of the domain with
imposed boundary conditions.
(b) An example of velocity profile (arrows) correspond-
ing to the convection cells in part (a), and the concentra-
tion field (shaded areas) of the diffusing species resulted
from buoyancy-driven flow. (¢c) Concentration distribu-
tion after applying Taylor’s second limiting condition on
concentration profile in part (b). (d) Schematic represen-
tation of the Taylor dispersion theory in a tube. [Color
figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com.]

Problem Statement

We considered a two-dimensional (2-D) fluid-saturated po-
rous layer of finite thickness H and finite length L that is im-
pervious to flow from the top and bottom as well as its sides.
Schematic of the porous layer is shown in Figure la. The
porous layer is modeled as a homogeneous and isotropic me-
dium. The flow model consists of the incompressible flow
assumption coupled with the Boussinesq approximation.®®
Accordingly, the flow equation can be expressed by°

V.v=0 (1)

and fluid velocity is described by Darcy’s law®’

k
Ve (Vp — pge.) 2)

where k is the permeability, u is the fluid viscosity, p is the
fluid density, g is the gravity acceleration, e, is the unit vector
pointing downward, and v = [u,v] with u as the horizontal
component of velocity and v as the vertical component of
velocity.

Transient case

In the case of transient mixing, the top boundary is
exposed to a constant concentration of a diffusing species
(mp) and is closed from the bottom. Diffusion of the species
into the resident fluid creates a diffusive boundary layer,
which grows with time. As the mixed fluid density is greater
than the resident fluid, the diffusive boundary layer may
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become gravitationally unstable under some circumstances.
The evolution of instabilities is manifested with the growth
of fingers of dense fluid penetrating into the light fluid.
Therefore, the system develops buoyancy-driven mixing by
generating convection cells that first grow and then decay
with time, due to the closed boundary at the bottom.

An ideal schematic of cells generated by laminar natural
convection at a particular time and the corresponding veloc-
ity profile are shown in Figures la and 1b, respectively. For
such a system, the conservation equation for mass is¥’

0
P 5. =V - (p9DV0 — pov) 3)

where ¢ is the volumetric fluid content (porosity), ¢ is the time,
o is the diffusing species mass fraction, and D is the effective
molecular diffusion coefficient. In the transient problem, the
mixture density is a function of the mass fraction as given by

p= Po(l + ﬁmw) )

where pg is the density of the resident fluid at + = 0 and S, is
considered constant because it does not vary significantly over
the range of concentration exists in the problem under
consideration. Based on Eq. 4, in the transient case density
differences arise only owing to concentration.

In the transient case, we solve the continuity equation and
the convection-diffusion equations given by Eqs. 1 and 3,
respectively. However, for the steady case, we use a ther-
mally driven natural convection to establish a steady velocity
field and investigate the mixing of a passive tracer in the
generated field. Therefore, for the steady case, we need to
solve for the temperature field, in addition to the velocity
and concentration fields, and the details of this will be
described below.

Steady-state case

To determine the role of steady-state convective mixing,
one needs to decouple the velocity and concentration fields
by maintaining a frozen flow field. In this case, convection
cells can be generated by thermal convection, as shown in
Figure 1a. More precisely, the resident fluid is subjected to a
destabilizing vertical temperature gradient by maintaining
the top and bottom boundaries at different temperatures, 7T
and T, where T; > T,. The subsequent flow is driven only
by the effect of thermal buoyancy. In this case, the tempera-
tur%e7 field can be determined by the energy balance as given
by"

o‘% =V (aVT —Tv) (5a)
(pc)
— — ) 5
o=¢+(1 ¢)(pc)f (5b)
g Pret (1= @)K (5¢)

(pc)e

where T is the temperature, c, and c; are the specific heat
capacities of the solid matrix and fluid mixture, respectively,
and k, and x; are the thermal conductivity of the solid matrix
and fluid mixture, respectively.

In the steady-state problem, the mixture density is a func-
tion of the temperature by
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p = po(1 — Br(T —Ty)) (6)

where f37 is considered constant due to the fact that it does not
vary significantly over the range of temperature exists in the
problem under consideration. Based on Eq. 6, in the steady-
state case density differences arise only owing to temperature.

After the establishment of natural convection induced by
the thermal gradients, the system reaches its steady-state
condition; and, the velocity of the convection cells becomes
invariant with time. A passive tracer is then introduced on
top of the domain. As the flow and concentration fields are
decoupled (f,, = 0), the mixing of the passive tracer can be
described by imposing the steady thermal flow field and Eq.
3. This allows for the determination of the mixing of the
passive tracer in the resident fluid by a thermal convective
current until the domain is saturated with the tracer.

Numerical setup

Two different sets of equations are solved for the evalua-
tion of the buoyancy-driven mixing. The first set includes
Egs. 1-4 for the determination of the mixing in a transient
velocity field. The second set of equations, which includes
Egs. 1-6 with 8, = 0, are solved for the determination of
the mixing in a steady-state flow field.

The governing equations are discretized using a finite dif-
ference formulation in a block-centered Cartesian grid system
and have been reported in the literature for solving buoyancy-
driven flow in porous medium.*** An implicit scheme is
used to discretize the flow equation (Eq. 1), while the trans-
port equations (Egs. 3 and 5) are discretized explicitly. To
control the oscillations due to temporal and spatial discretiza-
tions, the grid Courant number (Cr;) and the grid Peclet num-

ber (Pe;) are checked to meet the following criteria*®*!

cr = YA <y (7a)
"_qﬁAlj_ a

Pe; = max (Pe;-”,PejT) < 2, in which

VA _ Vi

w T
Pe? = Do and Pe; " (7b)
Pe:
Cry < % (7¢)

where subscript j refers to the grid block index, Al is the grid
block size (Ax or Az), v is the velocity (# or v) and Pe;" and
PejT are the solutal and thermal grid Peclet numbers,
respectively.

In addition to these criteria, it has been suggested that for
buoyancy-driven flows, the following condition should also
be satisfied*?

Ra; = max (Ra;v, RajT) <7, in which

kehp, Az 1 ot _ K8APTAZ
Dop ! o

where Ap,, = f,powo is the solutal density difference, Apy =
Pr po (Ty — Ty) is the thermal density difference and Ra]‘-’) and
RajT are the solutal and thermal grid Rayleigh numbers,
respectively.

The overall Nusselt number (the dimensionless rate of
heat flux at the top and bottom boundaries) and the Sher-
wood number (the dimensionless rate of mass flux at the top

(3)

o _
Raj =

April 2013 Vol. 59, No. 4 AIChE Journal



boundary) are defined with reference to the respective pure
conduction and diffusion rates, respectively*®

L
Nu = qund+C0nv /7 (9)
qund 2 z=0,H
L
Sh— qlef+C0nv / @ (10)
IDisr ) z

In the following, we use the Taylor dispersion theory to derive
the 1-D mixing model for steady and transient buoyancy-
driven velocity fields.

Analytical Model

The focus of the analytical modeling in this study is on
the relationship between the concentration field caused by
the interaction between the flow and imposed concentration
difference (i.e., wg — w, where w varies between 0 and )
for both steady-state and transient convective mixing sys-
tems.

According to the system described in Figure 1, the dimen-
sionless form of the conservation equation for mass (Eq. 3)
in two-dimensions is given by

Po o 96 206 90
=—+Ra % 11
oF o2 o ( ax”az) (D

where Ra= kApgH/D¢u and is the Rayleigh number.

From Figure 1b, it is assumed that, for a buoyancy-driven
convective current, the distribution of vertical component of
velocities obeys the relationship of

v = Vg cos[dx] (12)

where (*) indicates dimensionless variables, given in the

following
. x .z . Dt
X:ﬁ, Z:ITI, l‘:m (133.)
kA
F= e, =2 v = 28 (13b)
Vmax Vmax u
2
a=oH, ac:T (13¢)
w . K
D=—, K=— 13d
(@) P D (13d)

where K is the effective dispersion coefficient, vy is the
amplitude of the vertical component of velocity, o is the wave
number, and / is the wavelength. Later, it can be seen that the
assumption presented in Eq. 12 agrees well with the numerical
results.

Combining Eq. 11 with Eq. 12 results in

o Po 9o B0) 0]
o2 T ~ o TR ( a5+ focoslad 8f> 4

Assuming that the diffusive flux is much less than the
convective flux in the z-direction and neglecting the
convective flux in the x-direction with respect to diffusive
flux, Eq. 14 becomes
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o O N0 Lo}

9Z = o + Ravy cos[ax] 5 (15)

As shown in Figure 1, based on Taylor’s dispersion theory,13
the following limiting conditions are considered to find an
approximate solution of Eq. 15: (a) The changes in concentra-
tion due to convection in vertical direction occur in a much
shorter time than changes due to diffusion, so that diffusion may
be neglected in z-direction. (b) The time for diffusion in x-
direction to smooth the concentration profile in z-direction (time
of decay) is much shorter than the time necessary for
appreciable effects to appear due to transport by convection in
z-direction. This situation corresponds to time f, in Figure Ic.

To find the situation under which condition (b) may be
expected to be valid, it is necessary to calculate how rapidly
a concentration profile that is a function of X deforms into a
uniform concentration. The time in which the variations of
concentration in x-direction decay to 1/e (diffusion time 1/y2
in Eq. 18 is equal to time #) of its initial values is the time

scale for which this assumption can be made.'? The govern-
ing differential equation in this case is
OO
5 = r (16)
ox ot

and the related initial and boundary conditions are

ey B on A B
(%, 0) = 0,7) =1, (2H z) =0 (17

The solution to Eq. 16 subjected to Eq. 17 can be obtained
using the separation of variable method,** as given by

o0
1 -
o) =1—4n E —exp[—yil} sin[y,t] (18)
n
n=1

where 7y, are eigenvalues of cos[y,t] with 7y, = nnH/A.

The minimum time in which the concentration variations
reach 1/e corresponds to a lower value of n = 1 (i.e., to find
the first eigenvalue) and it is given by

. A\
IDiff (decay) = (E) (19)
On the other hand
R D
Iconv = I‘I_j()) (20)

Knowing that fceny 3> Diff(decay) results in
Ra\jo 1

P << 1 21
Equation 21 demonstrates that Taylor’s second limiting
condition is applicable for cases with low Rayleigh numbers
or high wave numbers. As our problem of interest follows a
highly nonlinear dynamics, the condition obtained here needs
to be modified. Therefore, we express the condition (Eq. 21)
by  Ravy/ 42 <<0.25, where & is a constant that modifies the
condition, to take into account the inherent dissimilarity of the
Taylor’s physical problem (Figure 1d) and buoyancy-driven
mixing in porous media (Figures la—c). This constant (J) is
determined from direct numerical simulations of the mixing
process, which will be discussed later.
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As diffusion in the vertical direction has been neglected,
the total transfer of matter in the z-direction is due to con-
vection. Based on Taylor’s second limiting condition, diffu-
sion has nearly homogenized concentrations in the x-direc-
tion. Given that the mean vertical velocity across horizontal
planes at constant 7 is zero (£, = 7 + V£, where here V = 0
then 77 = 7), the transfer of matter across horizontal planes
depends only on small variations of concentrations in x-
direction. In the case where concentration variation is inde-
pendent of 77, the variation in x-direction decays rapidly; as
a result, concentration variations with time can be neglected
(O /0t = 0) and d/0z (Od>/IZ) becomes constant along
the finger. Therefore, small concentration variations in x-
direction can be obtained by

) . N0
Fro Ravy cos[dx] o,

(22)

with the boundary condition of

oo (A .
ER (ﬁ’[> =0 (23)

The solution to Eq. 22 subjected to Eq. 23 is

. 00

Raﬁo [ ]
COSs|0x
0z

»=w-—
2

(24)

where w is a constant.
The rate of mass transfer across the horizontal plane 77 is

AJ2H Rab 5 /{ 8A
o N avy A (0]
0= / yadi = ( 3 ) 4H 92, @)
0

Under Taylor’s second limiting condition, the longitudinal
variations in @ (J&®/dZ;) are assumed to be constant and
indistinguishable from the mean concentration (J®,,/0z7;);
therefore

Ravp\~ A 0dy,
=-05 — 26
0=-0s(5") 5% @0
In comparison with Fick’s law of diffusion, Q:fl%A
(00>, 02) = —K (1/2H) (0D, 0%1) gives™®
R 2
Kyt 705< ”;V“) @7

where IfTaylor is the dispersion coefficient obtained based on the
Taylor dispersion theory. This dispersion coefficient is applic-
able to conditions where the criterion given by Eq. 21 holds. To
consider the deviations from the Taylor’s limiting condition (b),
the dispersion coefficient (Eq. 27) needs to be modified. Using
d Raiy/3* <<0.25, it can be shown that the modified dispersion
coefficient can be expressed by K= 5[<,\Taylor

Using the conservation of mass, QAf|

1+A”/l -

Ol [2H|; p; — Ol /2H|; and dividing both sides by AfAZ
and tending AfA7| to zero gives
o0 A Oy,
—_— = 28
07 2H ot 28)

Substituting for Q by applying Eq. 26 to Eq. 28, the equation
governing concentration is
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Ob,, 0,
o KXo @9

Because of the fact that the average velocity variation in a
horizontal cross section is zero and considering the effect of
molecular diffusion in z-direction, the equation that needs to
be solved is

~ 2
Oom _ (1+K) O O (30)

ot 02
by considering the following initial and boundary conditions

a(um

The solution to Eq. 30 subjected to Eq. 31 can be obtained
using the separation of variable method,** as given by

i
o 43 1 2n—1)*n? R
w(z,ﬂ:l—gzzn_lexp _@n 4)n /(1+K)d‘c

=l 0
sin {w 2] (32)

Although, Eq. 32 presents the concentration fields
averaged in x-direction, it may not provide accurate
concentration profile in z-direction. In other words, the
1-D model is only able to capture the average concentra-
tion because of the inherent dissimilarities between the
Taylor’s problem and our problem. As mentioned earlier,
the intention of this study is the adaptation of the Taylor’s
theory of shear dispersion in combination with numerical
simulations to derive a simple 1-D analytical model that
characterizes the mixing process under steady and
transient velocity fields.

The amount of passive tracer dissolved in the domain
(i.e., convective mixing) can be obtained by a depth average
of the concentration profile, which is expressed as

(1) =

er

00 n— 2 2
—%Z exp |- 2 41) /(1+K)d

n:l 2 _1) 0
(33)

where K = 0.56(Ravo/4)* in which v, is either a constant
(steady-state mixing) or a function of time (transient
convective mixing).

The overall Sherwood number (Eq. 10) can be calculated
by taking a derivative of the concentration profile (Eq. 33) at
7=0

Sh(f) = (1+K) (34)

iexp{ @ ] (14 Ry
>

n=1
CXp|: (2n=1)"n* l) 2 i|

n=1

Model Verification
In this section, the analytical model is validated with
direct numerical solutions for both steady-state and transient
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velocity fields. As the presented analytical solution (Eq. 33)
can be used to evaluate convective mixing under both tran-
sient and steady-state conditions, different procedures need
to be considered.

Steady-state velocity field

The classic steady-state convection in a porous layer of
Horton-Rogers-Lapwood has been well studied in the litera-
ture.””* In this study, a 2-D unicellular convection system
is considered to simulate the steady-state convective mixing.
In the steady-state convective regime, natural convection
exists at Rayleigh numbers above the critical value of 4n”
(Ra > 47°). It has been shown that for a system with Ra <
400 stable 2-D convection can exist, while above this value
there are always unstable phenomena. Therefore, the analyti-
cal mixing model in this study refers physically to the stable
convection that occurs at Ra < 400. However, the analytical
model has been validated for Rayleigh numbers as high as
2000, by running the numerical simulations in sufficiently
narrow and tall domains that house only one convection cell,
L/H < 1. In other words, the slender domains straighten the
flows, and the steady-state solutions persist in the Ra range
400-2000. Detailed information about steady-state unicellu-
lar convection is available in the literature.***®

Numerical simulations were performed at different Ray-
leigh numbers (50, 100, 200, 400, 1000, and 2000), and the
steady buoyancy-driven flows generated by thermal convec-
tion were characterized. To check and verify the accuracy of
the numerical model, we compared the scaling relations
obtained based on our numerical model with those reported
in the literature for thermal natural convection. More details
about numerical simulations and related scaling analyses
have been presented elsewhere.**

In steady-state convection, the velocity of convection cells
are independent of time; therefore, the dispersion coefficient
is independent of time and the amount of tracer dissolved in
the domain as a function of time (Eq. 33) can be expressed
as

00 _ 27'52 o
o) =1 %Zﬁexp fu(l + K)i

n=1

(35)

Direct numerical simulations are conducted to obtain the
overall mixing when the domain is exposed to a constant
concentration of a passive tracer from the top. The comparison
between the numerical results and the results obtained from
the developed model shows that the mixing process can be
well described using the Taylor dispersion theory when § =
0.0044. As the dimensionless velocity amplitude is constant
and equal to 1 (v, = 1) for a steady-state convective system,
the dispersion coefficient for such system becomes

. Ra\’
K = 0.0022< p ) (36)
where & = n(H/L) in a unicellular convective system, and
based on numerical results H/L ~ 0.05Ra*” that provides the
maximum or near maximum Nusselt number. The dispersion
coefficient presented by Eq. 35 is identical to the dispersion
coeffigient obtained using a different approach in our previous
study.
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Figure 2. Sherwood number (Sh) vs. f at different Ra
for the steady-state velocity field obtained
from (a) the numerical simulations (Eqs. 3
and 10) and (b) the analytical calculations
(Egs. 34 and 36).
This results are similar to the results obtained in our
previous study where different approach was used.>*
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 2 shows the variation of the numerical (Figure 2a)
and analytical (Figure 2b) Sherwood numbers as a measure
of mixing efficiency vs. time for different Rayleigh numbers
under the steady-state velocity field. Results show that the
simple analytical model follows the same behavior at late
time. However, the early time behavior is difficult to capture
using a simple 1-D model due to the assumptions that have
been made in development of the model and the condition
given by Eq. 21, Ra/d*<<57.

Comparisons between numerical simulation and predicted
results using the developed mixing model (Eq. 35) indicate a
good accuracy for the 1-D mixing model with the dispersion
coefficient given in Eq. 36 for Rayleigh numbers up to 2000.
The results are shown in Figure 3, which is similar to the
results obtained in our previous study based on analytically
derived velocity fields.>

Transient velocity field

In the absence of a thermally driven flow field, the veloc-
ity field is coupled with the concentration field (f,, > 0). In
this case, when the bottom of the porous layer is maintained
at the zero mass flux condition (closed), the convective flow
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Figure 3. Mixing () vs. f at different Ra for a steady-
state convection system.
Symbols are the results obtained from numerical simula-
tions. Continuous lines are predictions of mixing () by
the analytical model. This results are similar to the
results obtained in our previous study where different
approach was used.** [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.
com.]

decays with time. Therefore, the amplitude of velocity varies
with time, vy = V(). As a result, the dispersion coefficient
is expected to be time dependent. In this case, the dispersion
coefficient is zero prior to the onset of convection, grows
with time until it reaches a maximum, and then decays as
the system becomes saturated with the matter. Direct numer-
ical simulations are used to solve the transport equation (Eq.
4) coupled with the continuity equation (Eq. 1) and Darcy’s
law (Eq. 2) for flow in the porous layer. The resulting veloc-
ity field is then averaged using Reynolds’ decomposition
technique to find the effective dispersion coefficient for the
governing velocity distribution®

L/H %

. H ;
K= —Ra2z / V(1. 1) / / V(g Ddydydy — (37)
0 0 0

The behavior of the vertical component of velocity (V) across
the domain (at 7= 0.5) for different periods of mixing time
(for Ra = 200) is shown in Figure 4. As can be clearly seen
from this Figure, the cosine behavior of V' is consistent at
different stages of mixing, and only the amplitude of the
velocity rapidly grows with time, reaches a maximum, and
then decays with time. The variation of the amplitude velocity
(Vo) and the effective dispersion with time for the problem of
interest at the Rayleigh number of 200 are shown in Figure 5.

Considering the behavior of v, and using the dispersion
coefficient obtained based on the Taylor theory (Eq. 27) the
dispersion coefficient K can be represented by a four-param-
eter Weibull function®® as follows

k:a<"; 1)¥<f—bio+ (c; 1)[1)(-1
e“fil‘fl%+flﬁvq a9

where a, b, ¢, and f, are four parameters that need to be
estimated from numerical simulations.
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The effective dispersion coefficient is zero early in the
process before the onset of natural convection (f < fy — b(1
— 1/c"*) when the dominant mechanism is pure diffusion.
Using the Weibull function to describe the time evolution of
the dispersion coefficient for decaying convective mixing,
the integral in Eq. 33 can be expressed by

/’@He)df:;g_b(c;l)“’(exp B
ol (5 ()]) o

The behaviors of parameters a, b, and ¢ are obtained using the
Monte Carlo simulation technique. The Monte Carlo simula-
tion has been used successfully in many non-linear and
complex problems for parameter estimation.’’ We used this
technique to generate a large number of the physical problem
realizations (N = 10°) based on the deterministic model
presented in this article (i.e., the analytical model for the
transient case [Eqs. 33 and 39]). The procedure for
implementing the Monte Carlo technique is as follows
1. Set a number of realizations or a Monte Carlo sam-
pling (N),
2. Conduct a random sampling for each parameter and
then generate input parameters (a, b, and c) for evalu-
ating Eq. 39 using

a; = Apin + (amax - amin)éi (403—)
bi - bmin + (bmax - bmin)éi (4Ob)
Ci = Cmin + (Cmax - Cmin)éi (400)

where ¢ €[0,1] is a random number sampled from a uniform
distribution, A
3. Obtain the average mixing analytically (; ) using
Egs. 33 and 39, - Num
4. Obtain the average mixing numerically (w; ) using
Egs. 14,
5. Evaluate the objective function for this particular set
of input,

0.0

e

Dimensionless velocity,

=
o

03 i i N i
0.0 0.5 1.0 1.5 2.0

Dimensionless distance, %
Figure 4. Numerical results for Ra = 200 at Z = 0.5:
Dimensionless vertical component of velocity
(V) as a function of 1 at different f.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 5. Dashed line (blue) shows VvV, obtained from
numerical simulation vs. £, and the solid con-
tinuous line (red) shows the dispersion coeffi-
cient derived based on the Reynolds’ decom-
position method vs. f, both at Ra = 200.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

ny . . 2
ssE = (&~ ") (D

i=1

where SSE is the Sum Square of Errors, #, is the number of
events, and the superscripts Ana and Num denote the analyt-
ical and numerical values, respectively.

6. Repeat steps 2 to 5 for N times,

7. Analyze the results from all accepted realizations and
locate the input set that minimizes the objective function.

The numerical results obtained from Monte Carlo simula-
tions suggest that parameter a scales linearly with time,
while parameters b and ¢ are decreasing functions of the
Rayleigh number.

From the Weibull function and the behavior of the disper-
sion (Eq. 38), one would expect that 1 < ¢ < 2. This sug-
gests that ¢ — 1 as Ra — oo and ¢ — 2 as Ra — 0. Thus,
the relation between ¢ and Ra may be expressed by ¢ = 1 +
exp[—cRa], where ¢ is constant. Parameter a plays the am-
plitude role of the dimensionless dispersion coefficient and
scales linearly with Ra, while parameter b decreases with the
Rayleigh number. Using Monte Carlo simulations and
regression analysis, the following relationships were derived
for a, b, and c¢ as a function of the Rayleigh number and can
be expressed as

a =a; + ap Ra, where a; = —0.8 and a, = 0.014  (42)
b = by — by Ra, where by = 0.1765 and b, = 0.0001 (43)
¢ =1+ exp[—ciRa] where ¢; = 0.008 (44)

The fourth parameter (f,) is the dimensionless time
corresponding to the maximum Sherwood number or
dimensionless flux. The behavior of this parameter vs. Ra
obtained from numerical simulations is shown in Figure 6. As
the bottom boundary has not been affected at this time, it is
expected that this time will be independent of the porous
layer thickness. It is evident that the dimensionless time at
the maximum flux scales with 1/Ra? implying that the
dimensional time is independent of the porous layer
thickness,
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=" @53)

During a pure diffusive mixing process K =0forf< fy —
b(1—1/c)"™. In other words, at 7. = t, — b(1 — 1/c)", the
diffusive boundary layer becomes unstable, which is con-
sidered as the onset of convection. Using Eqs. 42-45, the
critical dimensionless time can be expressed by

. 2700
i =
Ra?

(46)

As the critical dimensionless time is inversely proportional to
the porous layer thickness to the power of two and the
Rayleigh number is proportional to the layer thickness, the
dimensional time to the onset of convection is, therefore,
independent of the porous layer thickness. This scaling
behavior is similar with results obtained from direct numerical
simulations and a linear stability analysis;sz’53 however, the
coefficient (2700 in Eq. 46) is larger than the reported value in
the literature (500).%* This is due to the fact that, in this study,
f. is defined as the time at which the convective mixing curve
departs from the diffusive one; whereas, in the analysis
presented by Hassanzadeh et al.,*? the onset was defined as the
time at which the diffusive boundary layer starts to deform.

The behavior of the derived effective dispersion for differ-
ent Rayleigh numbers is analyzed and depicted in Figure 7.
The loci of maximums correspond to the time at the maxi-
mum Sherwood number and scales with 1/Ra’.

Figure 8 shows the calculated concentration distribution
(Figure 8a) with the corresponding velocity vectors (Figure
8b) at 7y for Ra, 150, 200, 300, 400, and 500. At small Ray-
leigh numbers, there are only a few fingers penetrating
downward with no interaction with each other; whereas, at
higher Rayleigh numbers, more fingers are generated, and
their interactions retard their free movements toward the bot-
tom boundary. In other words, the wavelength is smaller for
higher Rayleigh numbers, resulting in the generation of a
stronger convection current earlier in the mixing process.
Moreover, at small Rayleigh numbers, the velocity fields are
weaker than those at higher Rayleigh numbers.

Figure 9 shows the variation of the numerical and analytical
Sherwood numbers (Figure 9a and Figure 9b, respectively) as

e
T

Dimensionless time at Sh,__ . 1,

e
=

(=]

100 1000
Rayleigh number, Ra
Figure 6. Dimensionless time at the maximum Sher-
wood number (fy) obtained from numerical
simulations vs. Ra.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 7. Dimensionless dispersion coefficient (K) cal-
culated based on the analytical model vs. f at
Ra = 100, 150, 200, 300, 400, and 500.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

a measure of mixing efficiency vs. time with different Ray-
leigh numbers for the transient convection systems. Results
show that the simple analytical model was able to reproduce
the late time behavior of the mixing process as compared with
the numerical simulations. While numerical and analytical
results at low Rayleigh numbers are more accurate, the early
time predictions deviate from the numerical simulations as the
Rayleigh number increases. This is due to the underlying
assumptions have been made in development of the simple 1-

Ra

100

150

200

300

400

500

D model (Ravy/ &2<<57). It can readily be seen from Figure
9a, as the Rayleigh number increases the value at the peak of
the Sherwood number curve increases. This fact originates
from the non-linear interaction between fingers shown in
Figure 8, which cannot be captured by the simple 1-D mixing
model.

The rate of mixing obtained from the analytical model
(Eq. 33) vs. the Rayleigh number shortly after the evolution
of the instabilities (i.e., £, = f; — (1 — &)b(1 — I/C)l/c where
& = 0.05) is shown by scaling in Figure 10a. The results
indicate that the dimensionless rate of mixing scales with the
Rayleigh number, which is characteristic of the early behav-
ior of convective mixing. These analytical results follow
similar scaling behavior when compared with direct numeri-
cal simulations of convective mixing,“z‘54 which is an indica-
tion of a pure convective instability.

Figure 10b shows the rate of mixing (d®/df) vs. dimen-
sionless time obtained from the analytical mixing model
(Egs. 33 and 39). Three mixing regimes can be clearly iden-
tified. The first regime is the pure diffusive mixing early in
the process, where da/di scales with 1/V/7 Vi, implying @
scales with v/7. This scaling indicates that the system is satu-
rating with the diffusing species with Vi,

The second regime can be observed for large Rayleigh
numbers after the onset of convection, where d(f)/df varies
with 1/, implying @ scales with In[f]. However, for small
Rayleigh numbers, the system is boundary dominated, and
the second regime cannot be observed.

The third reglme is a mixing period, where dco/dt nearly
scales with 1/, implying a weak mixing regime where @ is
proportional to 1/tf

Figure 8. Numerical results at t, for Ra = 100, 150, 200, 300, 400, and 500.

(a) Snapshots of concentrations, where red and blue colors mean & = 1 and & = 0, respectively, and (b) the corresponding velocity
vectors. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary. com.]
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Figure 9. Sherwood number (Sh) vs. f at different Ra
for the transient convection systems
obtained from (@) the numerical simulations
(Egs. 3 and 10) and (b) the analytical calcula-
tions (Egs. 34, 38, and 39).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

The comparisons between the numerical solution and the
1-D analytical solution obtained based on the Taylor disper-
sion theory (Egs. 33, 39, and 41-45) for different Rayleigh
numbers is shown in Figure 11. Results show that the analyt-
ical model is able to adequately predict the mixing behavior.
Once the effect of the bottom boundary turns out to be dom-
inant, the density gradients diminish; consequently, the con-
vection cells gradually die down.

Conclusion

We have studied the mixing of a passive tracer in steady
and transient flow fields at different Rayleigh numbers. A
simple 1-D analytical model based on the Taylor dispersion
theory has been developed to characterize the dynamics of
steady and transient buoyancy-driven flows. It has been
shown that the analytical model accurately predicts steady-
state and transient convective mixing obtained from
high-resolution numerical simulations. We found that the
buoyancy-driven mixing process can be well described
by the framework of the Taylor dispersion theory using a
simple modification.
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Figure 10. (a) Rate of mixing vs. Ra, confirming that
the rate of mixing is proportional to Ra.

(b) Rate of mixing vs. £ for three mixing regimes at dif-
ferent Ra. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

In the case of steady-state buoyancy-driven flow, the ve-
locity and concentration fields were decoupled to allow the
study of the mixing process in a time-independent velocity
field. In this method, convection cells are generated by ther-
mal convection. After the convection cells reached the
steady-state condition, a passive tracer was introduced at the
top of the domain; and, the mixing due to such a flow
behavior was studied. Comparisons between numerical
results and analytical predictions demonstrated good agree-
ment for the unicellular convection with Rayleigh numbers
up to 2000. These results are similar to the results obtained
in our previous study,34 where different approach was used.

In the transient case, the convective flow decays with
time; consequently, the dispersion coefficient demonstrates a
time-dependent behavior. It was shown that this behavior
can be characterized by a four-parameter Weibull function.
The analytical solution obtained was then compared with the

1.0 T -
<3
g =
£ 08 o :
£ 06 v Ra i
o
?30 x50
o « 100
s 041 v 150 1
%’ 5 4 200
.g = 300
£ 0.2 H = 400 ]
£ s 500
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Dimensionless time,

Figure 11. Mixing (®) vs. f at different Ra for a transient
convection system.
Symbols are the results obtained from numerical simu-
lations. Continuous lines are predictions of mixing by
the analytical model. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.-
com.]
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numerical solutions for a laminar convective system with
Rayleigh numbers less than 500, showing good agreement.
In addition, the 1-D analytical mixing model was able to
identify three mixing regimes during the mixing process.

Scaling relations have been reported in the literature to
characterize buoyancy-driven mixing. Such scaling relations
have been obtained using high-resolution numerical simula-
tions or experimental observations. It was shown that the
simple analytical model developed in this work can recover
scaling relations reported in the literature and can be used to
characterize the mixing process in transient buoyancy-driven
flows.

In this study, we have investigated buoyancy-driven
induced mixing at low Rayleigh numbers. At high Rayleigh
numbers, turbulent flow may lead to strong nonlinear inter-
actions between density-driven instabilities, such as merging
and splitting of fingers; and this phenomenon needs further
investigations.
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Notation

A = dimensionless cross section area, —
a,b,c = Weibull function parameters, —
= specific heat capacity, J/kg/K
= molecular diffusion coefficient, m>/s
e. = unit vector in z-direction,—
g = gravity acceleration, m/s°
H = thickness of porous layer, m
k = permeability, m?
K = dispersion coefficient, m?/s
L
N

T e

= length of porous layer, m
= Monte Carlo sampling number, —
n, = number of events, —
Nu = overall Nusselt number, —
Pe; = grid Peclet number, —
Q = dimensionless rate of mass transfer, —
R = radius, m
Ra = overall Rayleigh number, —
Ra; = grid Rayleigh number, —
Sh = overall Sherwood number, —
SSE = sum square of errors, —
t = time, s
to = time at maximum Sherwood number, s
t. = critical time, s
T = temperature, K
Ty = temperature density at z = 0, K
T, = temperature density at z = H, K
u = horizontal component of velocity, m/s
v = vertical component of velocity, m/s
vo = amplitude of the vertical component of velocity, m/s
v = velocity vector, m/s
V = mean velocity, m/s
w = a constant number, —

Greek letters

thermal diffusivity, m?%/s
= wave number, 1/m
expansion coefficient, 1/K or m*/kg
= eigenvalue, —
= correction factor, —
¢ = constant small number, —
Al = grid block size, m
Ap = density difference, kg/m®
Kk = thermal conductivity, W/m/K

o
o
B
7
0

1388 DOI 10.1002/aic

= wavelength, m

= viscosity, Pa.s

= random number, —

= density, kg/m*

= density at 7 = 0, kg/m’

= heat capacity ratio, —

= dummy variable of integration for time, —
= porosity, —

= dummy variable of integration for x-direction,—
= mass fraction, kg/m3

o = mass fraction at z = 0, kg/m3

EXGaaSD T o>

Other symbols

(
(

()Num

(™) = dimensionless variables
(0" = analytical
)cond = conduction
)cony = convection
()Diff = diffusion

()¢ = fluid phase

Om = mean
Omin = minimum
Omax = Maximum
= numerical
()s = solid phase

Or, OF = thermal
Ows O = solutal

Li

L.

2.

20.
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